Abstract. We construct Weierstrass data for higher genus embedded doubly periodic minimal surfaces and present numerical evidence that the associated period problem can be solved. In the orthogonal ends case, there previously was only one known surface for each genus g. We illustrate multiple new examples for each genus g ≥ 3. In the parallel ends case, the known examples limit as a foliation of parallel planes with nodes. We construct a new example for each genus g ≥ 3 that limit as g − 1 singly periodic Scherk surfaces glued between two doubly periodic Scherk surfaces and also as a singly periodic surface with four vertical and 2g horizontal Scherk ends. 2000 Mathematics Subject Classification. Primary 53A10; Secondary 49Q05, 53C42.
Introduction
In this paper, we explore the space of embedded doubly periodic minimal surfaces. Doubly periodic minimal surfaces have top and bottom vertical ends asymptotic to parallel half-planes. The theory of such surfaces splits into two cases, either the top ends are parallel to the bottom ends or not. In the non-parallel case, there is classification for genus 0 examples [6] and construction methods that produce one surface with orthogonal ends for each genus [5] , [13] . In the parallel case, there is classification for up to genus 1 [9] and construction methods that prove the existence of many examples of arbitrary genus that limit in foliations by parallel planes with nodes [2] . There are a few other isolated examples with lower genus and parallel ends [11] , [14] , [10] .
This paper explores what else is possible beyond the known examples. Our experiments indicate the existence of new examples with orthogonal ends for genus g ≥ 3. See figure 1.1. For each genus g = 2n − 1, we conjecture there are n distinct embedded examples. For each genus g = 2n ≥ 4, we conjecture there are n − 1 distinct embedded examples. In the parallel case, we discovered examples of arbitrary genus that don't limit in foliations by parallel planes.
We use the Weierstrass representation for minimal surfaces to develop numerical evidence of the existence of these different types of higher genus embedded doubly periodic minimal surfaces. The main obstacle to proving the existence of these surfaces is solving the period problem. We demonstrate how to numerically solve the period problem for each corresponding surface. The method depends on the surfaces having two orthogonal symmetry planes. In that case, each surface has a simply connected fundamental domain, from which one can recover the entire surface. As the period problem involves integrating one-forms over closed curves on a Riemann surface, having a simply connected domain greatly simplifies the calculations.
The paper is organized as follows. In section one, we discuss the history of embedded doubly periodic minimal surfaces.
In section two, we outline the Weierstrass representation for doubly periodic minimal surfaces with orthogonal or parallel ends. Assuming the surfaces have two vertical symmetry planes together with a horizontal symmetry, a template for such surfaces is developed.
In section three, we discuss new higher genus examples with orthogonal ends. The examples of arbitrary genus constructed by Weber and Wolf in [13] have handles between every other pair of ends. We construct examples in which there are handles between every pair of ends. A Scherk surface of type (m, n) is a surface with non-parallel Scherk ends that exhibits the alternating pattern of m handles between one pair of ends and n handles between the next pair of ends, and so on. The Weber-Wolf examples are of type (0, n). Our experiments indicate the existence of surfaces of type (1, 2n) for any n ≥ 1 and of type (m, n) with m ≥ 2 and m < n. There are, for example, four distinct genus seven surfaces of type (0, 7), (1, 6) , (2, 5) and (3, 4) . As with all doubly periodic minimal surfaces with non-parallel ends, these surfaces lie in a one-parameter family. The parameter is the angle between the top and bottom ends. It is possible each genus g example lie in a family that limits to a translation-invariant genus g helicoid, providing evidence that, for each odd genus g ≥ 3 and even genus g ≥ 6, there is more than one translation-invariant helicoid.
In section four, we construct higher genus examples with non-parallel ends with different limit behavior, inspired by the idea of adding multiple handles to a genus one surface with parallel ends. In particular, these examples add handles to the genus 2 surface from [11] .
The handles all lie along the same vertical symmetry plane, alternating in their direction. Near one limit, a genus g version looks like g − 1 singly periodic Scherk surfaces glued in between two doubly periodic Scherk surfaces. It also limits as a singly periodic surface with four vertical and 2g horizontal Scherk ends. Our experiments suggest that surfaces of this type exist for every genus g > 1. We found numerical solutions to the corresponding period problem for genus as high as g = 15, with no apparent obstructions for higher genus other than dealing with solving a system of large numbers of equations and variables.
In section five, we discuss possible techniques for proving the existence of the surfaces constructed in sections three and four.
History of embedded doubly periodic minimal surfaces
A minimal surface is called doubly periodic if it is invariant under two linearly independent translations in euclidean space. After rotating, if necessary, assume the translations are horizontal. The first example of a doubly periodic minimal surface was discovered in 1835 by Scherk [12] , see figure 2.1.
If Λ is the 2-dimensional lattice generated by the two periods of an embedded doubly periodic minimal surface M then its quotient M/Λ is an embedded minimal surface in R 3 /Λ. Meeks and Rosenberg [8] proved that the quotient has a finite number of annular top and bottom ends, referred to as Scherk ends, that are asymptotic to flat annuli. In R 3 these ends are asymptotic to vertical half-planes.
In order to distinguish between different types of examples, quantities such as genus, number of ends and total curvature for doubly periodic surfaces are measured on the quotient surface.
Either the top and bottom ends are parallel or non-parallel, with different results and types of examples depending on the case. As shown by Hauswirth and Traizet [4] , the moduli space of non-degenerate examples is three-dimensional for parallel ends and onedimensional for non-parallel ends. In the parallel case, Meeks and Rosenberg proved that there's an even and equal number of top and bottom ends.
Lazard-Holly and Meeks [6] proved that Scherk's doubly periodic surfaces are the only embedded examples of genus 0. They live in a one-parameter family, with the parameter adjusting the angle θ ∈ (0, π/2) between the top and bottom ends. Thus, there are no genus 0 examples with parallel ends.
As the genus increases, the number and complexity of examples increases. Karcher [5] constructed a genus one example with orthogonal ends by adding a handle between every other pair of top (and bottom) ends. Baginsky and Batista [1] and Douglas [3] proved that Karcher's example can be deformed by changing the angle θ between the ends, with θ ∈ (0, π/2]. As θ → 0, the family limits as the translation invariant helicoid with handles.
Weber and Wolf [13] generalized Karcher's orthogonal example by constructing one example for each genus g with orthogonal ends and handles between every other pair of ends. See figure 2.1. These constitute the only known examples with non-parallel ends, and we demonstrate that there are many more examples by showing how to add handles between each pair of ends. In the parallel case, Karcher [5] and Meeks and Rosenberg [7] constructed genus one examples with parallel ends. Perez, Rodriguez, and Traizet [9] proved that the threedimensional moduli space of genus one examples with parallel ends is connected. These surfaces are referred to as KMR surfaces. Two KMR surfaces have orthogonal vertical symmetry planes, one of which also has a horizontal symmetry plane. See figure 2.2. Wei [14] and Rossman, Thayer, and Wohlgemuth [11] proved the existence of different one-parameter families of genus 2 surfaces with parallel ends by adding a handle in different ways to a KMR surface. For convenience, we refer to them as Wei and RTW surfaces. Additionally, Rossman, Thayer, and Wohlgemuth constructed three different genus three examples, one of which is in figure 2.3.
Wei's genus two surface limits as a foliation by vertical parallel planes, and numerical investigations revealed that many higher genus surfaces behaved similarly. In [2] , Connor and Weber proved the existence of new families of embedded, doubly periodic minimal surfaces of arbitrary genus, where each family has a foliation of R 3 by vertical parallel planes as a limit. In the quotient, these limits can be realized as noded Riemann surfaces, As illustrated in figure 2.3, the Wei and RTW surfaces limit as two doubly periodic Scherk surfaces with a singly periodic Scherk surface glued end-to-end in between. From another perspective, the genus two Wei and RTW surfaces are constructed by adding a handle to the KMR surface with three perpendicular symmetry planes. The handles are added along different curves in parallel vertical symmetry planes, with the center of the handles lying in the horizontal symmetry plane. The genus three RTW surfaces added handles along each of the vertical planar curves. These constructions led to the idea of constructing higher genus surfaces exhibiting this same behavior by adding more handles along one or both vertical planar curves.
Weierstrass Representation
Our goal is to construct doubly periodic minimal surfaces with prescribed geometry. We use the Weierstrass representation for a minimal surfaces. LetM be a proper minimal surface in T×R with finite genus and four Scherk ends. By results in [8] ,M is diffeomorphic to a compact Riemann surface X minus four points, and there exist a meromorphic map G and 1-form dh on X such that the map f : X → T × R given by
is a minimal immersion whose image isM . The triple (X, G, dh) is referred to as the Weierstrass representation forM . Conversely, given a Riemann surface X, a meromorphic function G : X → C, and a meromorphic one-form dh on X, the triple (X, G, dh) is the Weierstrass representation for a doubly periodic minimal surface with horizontal periods T 1 and T 2 and vertical Scherk ends if the following conditions hold:
(1) The zeros of dh are the zeroes and poles of G on X minus the ends, with the same multiplicity. (2) dh has a poles of order one and G has finite value at the ends. (3) For each closed curve γ on X,
This is referred to as the period problem.
We are constructing surfaces with genus and four vertical Scherk ends. The saddle points of the surface have vertical normal. Thus, G equals 0 or ∞ at each saddle point. The top and bottom of each handle are saddle points. If the genus is g then there will be 2g + 2 saddle points. Scherk's doubly periodic surface with orthogonal ends can be represented by the Weierstrass data
The saddle points are at (−1, 0) and (1, ∞), and the ends are at (0, ±i) and (∞, ±1). The bottom ends have normal (0, ±1, 0), and the top ends have normal (±1, 0, 0). The Riemann surface X has two automorphisms which correspond to two orthogonal vertical symmetry planes on Scherk's surface. Thus, a fundamental domain for the surface is given by
The flat structure of Gdh, which is the image of the Schwarz-Christoffel map of Gdh from the domain X 1 , provides a simple description of the data (X 1 , G, dh). See figure 3.1. The boundaries of the region are the images of the positive and negative real axes. We can maintain most of the symmetries of Scherk's surface by adding handles along the images of the real axis. On each handle, there are two points a and b with vertical normal vector and G(a) = 0, (G(b) = ∞. A genus n doubly periodic surface can be constructed with Weierstrass data
with a k , b k ∈ R for k = 1, 2 . . . , n + 1. The Riemann surface X has automorphisms τ 1 (z, w) = (z, −w) and τ 2 (z, w), and there are the corresponding surface automorphisms
Hence, f (X) has two orthogonal vertical symmetry planes.
Note that G(∞) = 1, G(0) = i (orthogonal ends) if
Genus 6 Weber-Wolf surface and the flat structure for Gdh.
and G(0) = 1 (parallel ends) if
If we add an additional symmetry by requiring that for each a k there is a a j = 1/a k or b j = 1/a k then X has a third automorphism
In both cases, the motivation for working with Weierstrass data with these three symmetries is that the period problem then has far fewer equations.
3.1. Weber-Wolf examples. The Weierstrass data for a genus 2n Weber-Wolf surface is given by
The bottom ends are at (z, w) = (0, ±1), and the top ends are at (z, w) = (∞, ±i). Note that G(∞) = ±1 and G(0) = ±i means the top and bottom ends are orthogonal. The symmetries of X reduce the period problem to the following equations:
The Weierstrass data for a genus 2n + 1 Weber-Wolf surface is given by 
New examples with orthogonal ends
The Weber-Wolf surfaces add handles between every other pair of ends to Scherk's surface by cutting them out along the image of the positive real axis. If we also cut them out along the image of the negative real axis then we end up adding handles between every pair of ends to Scherk's surface. There is numerical evidence that it is possible to do this when the pattern of number of handles between successive pairs of ends is of the form (1, 2n). (1, 2n) . The Weierstrass data of a genus 2n + 1 surface of type (1, 2n) is given by
Surfaces of type
The period problem is the same as the Weber-Wolf genus 2n surface, with one added period due to the added handle along the negative real axis.
This is a system of 2n + 1 equations in 2n + 1 variables which can be solved numerically to find the unique solution. Note that there is only one solution because these surfaces have non-parallel ends and thus lie in a one-parameter family, with the parameter given by the angle between the top and bottom ends. We fixed the parameters so the ends are orthogonal.
We used the FindRoot command in Mathematica to find solutions when n = 1, 2, 3. As n increases, it is necessary to increase the working precision. When n = 3, using 50 digits of working precision, the period problem is solved when (1, 6) and the flat structure for Gdh. (2, 2n) . The Weierstrass data of a genus 2n + 2 surface of type (2, 2n) is given by
The period problem is the same as the Weber-Wolf genus 2n surface, with two added periods due to the added handles along the negative real axis.
This is a system of 2n + 2 equations in 2n + 2 variables which can be solved numerically to find the unique solution. We used the FindRoot command with 30 digits of working The period problem is the same as the Weber-Wolf genus 2n surface, with one added period due to the added handle along the negative real axis. 
We used the FindRoot command in Mathematica to find solutions when n = 1, 2. When n = 2, using 40 digits of working precision, the period problem is solved when (3, 4) . The most exotic example we found was a Scherk surface of type (3, 4) . It's Weierstrass data is given by
The period problem is the same as the Weber-Wolf genus 2n surface, with one added period due to the added handle along the negative real axis. This is a system of 7 equations in 7 variables which can be solved numerically to find the unique solution. We used the FindRoot command with 50 digits of working precision in Mathematica to find a solution when a 1 = 3.66747800575903677425103971726819961446108179191850037756971821 · 10 
New examples with parallel ends
Near another limit, Wei's surface looks like two doubly periodic Scherk surfaces with a singly periodic Scherk surface glued in between. Alternatively, one could view it as a KMR surface with a handle. This led us to consider the possibility that one could glue more than one singly periodic Scherk surface in between two doubly periodic Scherk surfaces. The building block for these examples are the two KMR surfaces with orthogonal vertical symmetry planes. Their Weierstrass data is
for the example on the right in figure 2.2 or
for the example on the left in figure 2.2, with 0 < a < 1. Gluing in extra singly periodic Scherk pieces is realized by simple modifications of w 2 . For example, the genus 2 RTW surface has
with 0 < b < a 1 < a 2 < 1. If b = −a 1 a 2 then G(0) = G(∞) = 1 and the ends are parallel. Due to the symmetries of the underlying Riemann surface, the period problem for the RTW surface reduces to the equation The RTW surfaces have two discernable limits. As (a 1 , a 2 ) → (0, 1), they limit as a singly periodic Scherk surface glued between two doubly periodic Scherk surfaces. As (a 1 , a 2 ) →≈ (2.6795, 2.6795), they limit as a singly periodic surface with four vertical and four horizontal Scherk ends. See figure 5.1.
We will add more handles to the RTW surface along the vertical symmetry plane containing its handle, with the handles alternating coming out of and into the surface. The genus six version, for example, adds four handles above the handle on the RTW surface. In this case,
with −1 < b < 0 < a 1 < a 2 < a 3 < a 4 < a 5 < a 6 < 1. If
The period problem reduces to the equations
It has 5 equations and 6 variables, so there is a one-parameter family of solutions with the assumed symmetries. It exhibits similar limiting behavior as the genus 2 RTW family. One limit is five singly periodic Scherk surfaces glued between two doubly periodic Scherk surfaces. The other limit is a singly periodic surface with four vertical and twelve horizontal Scherk ends. See figure 5.2. The Weierstrass data for examples with the same characteristics as the above genus six example split into four cases, depending on the genus. We describe each and demonstrate solutions for surfaces of genus 12, 13, 14, and 15. See figures 5.3 and 5.4. 5.1. Genus=4n. Let X be the genus 4n Riemann surface given by
The period problem reduces to the equations The period problem has 4n − 1 equations and 4n variables. Thus, we get a one-parameter family of solutions with the assumed symmetries. This is a subset of the three-dimensional moduli space of these surfaces. We used the FindRoot command in Mathematica to find solutions when n = 1, 2, 3. When n = 3, using 20 digits of working precision, the period problem is solved when 5.2. Genus=4n+1. Let X be the genus 4n + 1 Riemann surface given by
with −1 < b < 0 < a 1 < a 2 < · · · < a 4n+1 < 1, G(∞) = 1 and G(0) = 1.
The period problem has 4n equations and 4n + 1 variables. Thus, we get a one-parameter family of solutions with the assumed symmetries. This is a subset of the three-dimensional moduli space of these surfaces. We used the FindRoot command in Mathematica to find solutions when n = 1, 2, 3. As n increases, it is necessary to increase the working precision. When n = 3, using 30 digits of working precision, the period problem is solved when 5.3. Genus=4n+2. Let X be the genus 4n + 2 Riemann surface given by
The period problem has 4n+1 equations and 4n+1 variables. Thus, we get a one-parameter family of solutions with the assumed symmetries. This is a subset of the three-dimensional moduli space of these surfaces. We used the FindRoot command in Mathematica to find solutions when n = 1, 2, 3. As n increases, it is necessary to increase the working precision. When n = 3, using 30 digits of working precision, the period problem is solved when 5.4. Genus=4n+3. Let X be the genus 4n + 1 Riemann surface given by
The period problem has 4n+2 equations and 4n+3 variables. Thus, we get a one-parameter family of solutions with the assumed symmetries. This is a subset of the three-dimensional moduli space of these surfaces. We used the FindRoot command in Mathematica to find solutions when n = 1, 2, 3. When n = 3, using 30 digits of working precision, the period problem is solved when 
Possible methods to prove existence
There are several different known methods of proving the existence of a minimal surface that may help with proving the existence of the surfaces discussed in sections four and five. In the orthogonal case, the examples aren't close to a limit of their respective oneparameter families. Thus, Traizet's regeneration technique won't work here. The method employed by Weber and Wolf in [13] using the flat structures of Gdh and 1/Gdh to solve the period problem could work in this setting. This method uses induction on genus, and so it depends on their being a related example of each genus. However, the examples with mixed handles don't always have a related example of each genus, for example, there are examples of type (1, 2n) but not of type (1, 2n + 1) .
In the parallel case, Weber and Wolf's handle addition technique from [13] is a strong candidate for proving the existence of the surfaces discussed in section five. We made two unsuccessful attempts to employ Traizet's regeneration technique used in [2] to prove the existence of these surfaces in a neighborhood of the limit in which they look like copies of Scherk's singly periodic surface glued in between two copies of Scherk's doubly periodic surface. One primary difficulty is that, as the angle between the ends of Scherk's singly periodic surfaces goes to zero, the surface converges to a catenoid. Thus, you go from having four ends to only two ends, losing key data at the limit. If one can come up with a reasonable expression for the Weierstrass data for a singly periodic surface with four veritcal and 2g horizontal Scherk ends then it may work well to apply Traizet's regeneration technique in a neighborhood of that limit.
